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The quantum noise of the Kramers-Kronig receiver is 
derived analytically. The tangential fluctuations of the 
retrieved signal are the same as that of a coherent state 
while the radial fluctuations are three times large.  
 
Kramers-Kronig (KK) receiver can reconstruct the complex-valued 
optical field by means of intensity detection given a single sideband 
(SSB) and minimum phase (MP) signal [1]. It is equivalent to 
heterodyne detection with one single photodetector (PD). The 
physical mechanism is that the logarithm of the signal intensity and 
phase are related to each other through the Kramers-Kronig 
relations that apply to the signals that are causal in time.  
For optical transmission, information is conveyed by 
electromagnetic wave packets that are quantum states of the 
electromagnetic field. A coherent state is the eigenfunction | of 
the photon annihilation operator aˆ , which is expressed as
ˆ | |a      . With the Hermitian conjugate operation, the 
creation operator aˆ satisfies *ˆ| |a     . The non-Hermitian 
operator aˆ  can be separated into two Hermitian components 1aˆ  
and 2aˆ by 1 2ˆ ˆ ˆa a ia  , which are the in-phase and quadrature field 
operators and satisfy the commutation relation given by
1 2
ˆ ˆ[ , ] 2a a i . The Heisenberg uncertainty principle sets an upper 
limit on the precision of a quantum measurement. A coherent state 
is one of the minimum uncertainty states that satisfy
2 2
1 2
ˆ ˆ 1 4a a      [2]. The quantum amplitude and phase 
fluctuations are 2ˆ( ) 1 4   a  and  2ˆ( ) 1 (4 )n       [3]. Here 
the photon number n  satisfies
2
n    . For a coherent state has 
a time dependence i te  , the annihilation operator is ˆ ˆ j tA ae  . Aˆ  
and the creation operator Aˆ  obey the commutation relation
ˆ ˆ[ , ] 1A A  . 
Kramers-Kronig detection offers a simultaneous measurement 
of the in-phase and quadrature components of the electric field. A 
simultaneous measurement of two noncommuting observables 
introduces excess noise that origins from vacuum fluctuations of the 
field and impose a fundamental limit to the signal-to-noise ( S N ) 
ratio [2]. Here we study the quantum mechanical nature of the KK 
receiver and elucidate the fundamental relation between KK and 
conventional heterodyne detection.  
Fig. 1.  Basic configurations of the balanced heterodyne and KK detection. 
(a) Balanced heterodyne detection; (b) KK receiver scheme; (c) The LO 
with the signal and its image. 
As shown in Fig.1(a), the balanced heterodyne detection is 
adopted to get the linear beating between the local oscillator (LO) 
ˆ
LA at frequency L  and the signal ˆsA  at frequency s . The waves 
1Bˆ  and 2Bˆ incident upon the two PDs are [4] 
1
ˆ ˆ ˆˆ [ ( )] 2L s iB A i A A   , 2
ˆ ˆ ˆˆ [ ( )] 2L s iB iA A A    .        (1) 
Here
1Bˆ  and 2Bˆ consider the signal 
ˆ
sA  and its image ˆiA at 
frequency 2i L s    as shown in Fig.1(b). Note that n  
photons are received by the photodetector within a time duration 
T . With the elementary charge q , the current is ˆ ˆI qn T . The 
difference between the current collected by the two detectors is 
* *
1 1 2 2
ˆ ˆ ˆ ˆ ˆ( ) 2 sin( arg( ))Bal s L IF s LI t k B B B B k t    
        . 
                                                                                                                                         (2) 
Here k q T .  s andL are the eigenvalues for the signal and 
the LO, respectively.   IF L s is the intermediate frequency. 
If the image band is unexcited, then ˆ ˆ 0  i iA A . Yet the presence 
of ˆ
iA  contributes to the fluctuations. The current fluctuations are 
2 2 2 2ˆ ˆ ˆ( ) ( ) ( 2 )Bal s LI I t I t k n n             .          (3) 
The S N of the balanced heterodyne detection is calculated as  
 
2
2 1 2
    
 
         
s L s
Bal
L s s L
n n n
S N
n n n n
 .                             (4) 
For KK detection, the signal is retrieved with one single PD of the 
balanced detection, which is equivalent to sending the LO along 
with the signal from the transmitter side as shown in Fig.1(c). 
Without loss of generality, we express the SSB signal as
(( )) L sh A tt A by omitting the coefficient 1 2  and the 
constant phase i  generated by the 3-dB coupler. The current 
2
( ) ( )I t k h t is obtained after a single PD. With the MP condition 
( )s Lnt    , the phase can be extracted from the current 
logarithm with Hilbert transform. 
1 ln | ( ) |
( )
2
I t
t dt
t t







 .                                      (5) 
is the Cauchy principal value. The complex signal field 
s is 
retrieved as 
s . 
( )| ( ) | IF
j tj t
s Lh t e en
   
 
   .                              (6)  
Consider the signal and its image, we have ˆ ˆ ˆ ˆ( )L s ih A A A  .  
The current expectation is obtained by projection via the coherent 
states, product states of the LO and the signal (and its image) states.  
+ +
* *
ˆ ˆ ˆ ˆˆ( ) | | | | | |
[ 2 cos( arg( ))]
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    (7) 
The mean square fluctuations of the current are 
2 2 2
2 * *
ˆ ˆ ˆ( ) ( ) ( )
3 [ 2 cos( arg( ))]
KK
s L s L IF s L
I t I t I t
k n n t    
       
      
. 
(8) 
   The expectation value of the normally ordered operator 2ˆ( )I t
cancels the expectation value squared of the operator ˆ( )I t . The 
fluctuations are due to the operators ˆ ˆ
i iA A
 , ˆ ˆ
s sA A
 and ˆ ˆ
L LA A
 , 
which are in reverse order to the photon number operator. 
The operator ˆ( ) t  representing the difference between the 
measured phase ˆ( ) t and the expected phase ( )t is expressed by 
Eq.(9), which is obtained after Taylor expansion and approximation of 
the logarithm function in Eq.(5).  
ˆ1 1 ( ) ( )ˆ ˆ( ) ( ) ( ) [ ]
2 ( )
  



 
  
 
I t I t
t t t dt
t t I t
                (9) 
The phase fluctuations 2 ˆ( ) t can be expressed in discrete form 
with t l t  and dt t  .  
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In the derivation of Eq.(10), the cross terms vanish due to the 
fact that 
1
ˆ( )I m t   and 2
ˆ( )I m t  at different instants are 
irrelevant. Thus, only the square terms remain. To get the final 
result of Eq.(10), we introduce Eq.(7) and Eq.(8) and consider the 
fact of  2 2
1
1 6
m
m 


  and1 ( )I t is continuous and derivative. 
According to Eq.(6), the quantum noise N of s is the same as 
that of ( )h t , which has two orthogonal components of the radial 
(amplitude) and the tangential fluctuations: 2ˆ( )h    and 2ˆ( )h  
as shown in Fig.2(a). Note that ˆ ˆ( )h h t   and ˆ ˆ( ) ( )h h t t   , 
we obtain the following quantum mechanical fluctuations.  
2 2 2
2
2
ˆ ˆ ˆ( ) ( ( ) ) [ ( ) ( )]
ˆˆ ( ) 3( ) ( )
[ ]
4 ( ) 42 ( )
h h t I t I t k
I tI t I t
k
kI tI t
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                           (11) 
2 2 1ˆ ˆ( ) ( ) ( )
4
h I t t k                                                                       (12) 
2 2ˆ ˆ( ) ( 1)N h h                                                                          (13) 
Eq.(11) and Eq.(12) show the quantum fluctuations of the field 
amplitude are three times as large as that of the tangential 
component. As shown in Fig.2(b), Eq.(13) reveals that the quantum 
noise of KK detection is due to the energy of one photon from 
vacuum fluctuations of both the signal and the image bands, which 
is a nature of heterodyne detection. In Fig.2(c), the phasor endpoint 
of the retrieved signal by the KK receiver has an elliptical distribution, 
indicating a physical essence of KK detection. The tangential 
fluctuations of the field are the same as that of the coherent state. 
The excess noise from the commutators of the LO and the signal 
(and its image) only has the radial component. With Eq.(13), the 
S N of KK detection is equal to sn  .  
                   sKKS N n                                                                                 (14) 
In contrast, the S N of the balanced heterodyne detection 
approaches sn  only when L sn n    holds.  
In conclusion, we derive the quantum fluctuations of the 
amplitude and the phase of the retrieved signal with KK detection. 
The quantum limit of the S N of the KK receiver is equal to the 
expectation value of the signal photon number. KK detection is 
equivalent to a general class of heterodyne detection, which has an 
uncertainty product 3dB larger than the one dictated by the 
uncertainty principle. Since the intensity is physically measured 
while the phase is calculated from the intensity, KK detection keeps 
the tangential noise to the minimum as the zero-point fluctuations 
while concentrates the excess noise on the amplitude. 
Fig. 2.  Quantum noise associated with KK detection. (a) The radial and 
the tangential fluctuations; (b) Quantum noise from the signal and the 
image bands; (c) Phasor diagram of the light after KK detection. 
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